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 Large Maximal  h 0 ,  1 ,  2 ,  .  .  .  ,  t  j -cliques of the  q -analog of the
 Johnson Graph
 S UL -Y OUNG C HOI
 In this paper we study the maximal  t -cliques of the  q -analog of the Johnson Graph  J q ( n ,  k )
 with asymptotically large size . Let  t  be an integer with 2  <  t  ,  k .  For a fixed constant  c  .  0 ,
 there exists  n *  5  n *( q ,  k ,  t ,  c ) such that if  n  .  n * ,  then the maximal  t -cliques of  J q ( n ,  k ) with
 size greater than  cq ( n 2 k )( t 2 1) can be classified into four groups up to isomorphism .
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 1 .  I NTRODUCTION
 For a finite , simple , connected graph  G  with diameter  d  and  R  a non-empty subset of
 h 0 ,  1 ,  2 ,  .  .  .  ,  d j , we define an  R -clique  ^   of  G  as a set of vertices of  G  which satisfies the
 property that , for any two vertices  x  and  y  in  ^  , the distance  ­ ( x ,  y ) between  x  and  y  in
 G  belongs to  R .  (Delsarte [3] introduced the notion of an  R -clique for association
 schemes . )  ^   is said to be a maximal  R -clique if  ^  <  u  is not an  R -clique for any vertex
 u  not in  ^  . We will call  ^   a  t -clique if  R  5  h 0 ,  1 ,  2 ,  .  .  .  ,  t j  for some positive integer  t .  If
 ^  is a maximal  t -clique of a graph  G ,  then  ^   contains at least two vertices which are of
 distance  t  apart .
 Erdo ¨  s , Ko and Rado [4] stated a theorem which asserts that the largest possible
 family  ^   of  k -subsets of an  n -set with the property
 u x  >  y u  >  k  2  t  for  all  x  and  y  in  ^  (0  ,  t  ,  k  <  n )
 is the family of all  k -subsets containing some fixed ( k  2  t )-subset of the  n -set whenever
 n  is suf ficiently large with respect to  k  and  t .  This Erdo ¨  s , Ko and Rado theorem can be
 considered as a characterization of the ‘largest’ maximal  t -clique of the Johnson graph
 J ( n ,  k )  which has the set of all  k -subsets of an  n -set  X ,  ( X k  ) ,  as its vertex set and two
 vertices  x  and  y  are adjacent if  u x  >  y u  5  k  2  1 .
 Frankl [5] characterized the second largest maximal  t -clique of  J ( n ,  k ) ,  and the
 maximal  t -cliques of  J ( n ,  k ) with asymptotically large size have been classified in [1] . In
 this paper we investigate the analogous problem for finite-dimensional vector spaces
 (Theorem 1 in Section 3) .
 2 .  T HE  q - ANALOG OF THE  J OHNSON G RAPH  J q ( n ,  k )
 Let  V  be an  n -dimensional vector space over  GF  ( q ) .  The  q -analog of the Johnson
 graph ,  J q ( n ,  k ) ,  on  V  has the collection of  k -dimensional linear subspaces of  V ,  [  V k  ] , as
 its vertex set . Two vertices  u  and  v  of  J q ( n ,  k ) are adjacent whenever dim( u  >  v )  5
 k  2  1 .  For any  i  5  1 ,  2 ,  .  .  .  ,  k ,  ­ ( u ,  v )  5  i  if f and dim( u  >  v )  5  k  2  i .
 Let us denote an  m -dimensional linear subspace of  V  by an  m -space or  m -subspace
 (of  V  ) .  Write [  n m ] for the number of  m -spaces of an  n -space .
 L EMMA 1 .
 (1)  [  n m ]  5  ( q
 n  2  1)( q n 2 1  2  1)  ?  ?  ?  ( q n 2 m 1 1  2  1) / ( q m  2  1)( q m 2 1  2  1)  ?  ?  ?  ( q  2  1) .
 (2)  [  n m ]  5  [
 n
 n  2  m ] .
 (3)  q ( n 2 m ) m  ,  [  n m ]  ,  q
 ( n 2 m 1 1) m , if  0  ,  m  ,  n .
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 P ROOF OF (3) .  If 0  ,  m  ,  j ,  then  q j 2 m  ,  ( q j  2  1) / ( q m  2  1)  ,  q j 2 m 1 1 .  h
 L EMMA 2 [2] .  Let V be an n - dimensional  y  ector space o y  er GF  ( q ) .
 (1)  If X is a j - space of V , then
 u h Y  Ô  V  :  Y  is  a  k - space  of  V  and  X  >  Y  5  O j u  5 F n  2  j
 k
 G q kj ,
 where O is the  0- space of V .
 (2)  If X is a j - space of V and Z is an m - space of X , then
 u h Y  Ô  V  :  Y  is  a  k - space  of  V  and  X  >  Y  5  Z j u  5 F  n  2  j
 k  2  m
 G q ( k 2 m )(  j 2 m ) .
 Especially ,  u h Y  Ô  V  :  Y is a k - space of V and Y  Ò  Z j u  5  [  n  2  m k  2  m ] .
 (3)  If X is a j - space of V , then
 u h Y  Ô  V  :  Y  is  a  k - space  of  V  and  X  >  Y  is  an  m - space j u  5 F  j
 m
 G F  n  2  j
 k  2  m
 G q ( k 2 m )(  j 2 m ) .
 Let  ^   be a  t -clique of  J q ( n ,  k ) and let  z  be a fixed vertex in  ^  . Then
 dim( u  >  z )  >  k  2  t  for each vertex  u  in  ^  . Define  @ i ( ^  ,  z ) by
 @ i ( ^  ,  z )  5  h u  P  ^  :  dim( u  >  z )  5  i j
 for  i  5  0 ,  1 ,  .  .  .  ,  k .  Let us denote  @ i ( ^  ,  z ) by  @ i  if there is no danger of confusion .
 Then  ^  5  @ k 2 t  <  @ k 2 t 1 1  <  ?  ?  ?  <  @ k .
 L EMMA 3 .  For each j  5  0 ,  1 ,  2 ,  .  .  .  ,  t ,
 u @ k 2 t 1 j u  < F  k t  2  j G F n  2  k t  2  j  G q ( t 2 j ) 2  ,  q ( t 2 j )( n 2 t 1 j 1 2) .
 3 .  M AXIMAL  t - CLIQUES OF  J q ( n ,  k )  WITH S IZE  AT L EAST  cq  ( n 2 k )( t 2 1)
 Suppose that  ^   is a maximal  t -clique of  J q ( n ,  k ) .  If  k  5  t ,  ^   is the set of vertices of
 J q ( n ,  k ) .  Hsieh [6] has showed that if either (i)  n  >  2 k  1  2 or (ii)  n  >  2 k  1  1 and  q  >  3 ,
 then the size of  ^   is bounded above by [  n  2  ( k  2  t ) t  ] .  ^   attains this upper bound only if  ^
 contains all the vertices which contain a fixed ( k  2  t )-space of  V .
 For the maximal  t -cliques of  J q ( n ,  k ) with asymptotically large size , we have the
 following theorem .
 T HEOREM 1 .  Let k and t be fixed integers satisfying  2  <  t  ,  k . For any fixed constant
 c  .  0 , there exists n *  5  n *( q ,  k ,  t ,  c )  such that if n  .  n *  and  ^   is a maximal t - clique of
 J q ( n ,  k ) satisfying  u ^  u  .  cq ( n 2 k )( t 2 1) , then  ^   is isomorphic to one of the following :
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 (JQ . 1)  ^   is the set of all  y  ertices containing a fixed  ( k  2  t )- subspace and
 u ^  u  5  [  n  2  k  1  t t  ] .
 (JQ . 2)  For each s  5  2 ,  3 ,  .  .  .  ,  t  1  1 ,
 ^  5 H u  P F V
 k
 G  :  Q  Ô  u ,  dim( u  >  P )  >  k  2  t  1  1 J
 < H u  P F V
 k
 G  :  dim( u  >  Q )  5  k  2  t  2  1 ,  dim( u  >  P )  5  k  2  t  1  s  2  1 J ,
 where P is a  ( k  2  t  1  s )- space of V and Q is a  ( k  2  t )- space of P . Also ,
 u ^  u  5  O
 1 < i < s
 F s
 i
 G F n  2  ( k  2  t  1  s )
 t  2  i
 G q ( t 2 i )( s 2 i )  1 F  k  2  t
 k  2  t  2  1
 G F n  2  ( k  2  t  1  s )
 t  2  s  1  1
 G q t 1 1 .
 (JQ . 3)  For s  5  2 ,  3 ,  .  .  .  ,  t ,
 ^  5 H u  P F V
 k
 G  :  Q  Ô  u ,  dim( u  >  P )  >  k  2  t  1  1 J  <  $  <  % ,
 where
 (i)  P  :  a ( k  2  t  1  s )- space  of  V  ;
 (ii)  Q  :  a ( k  2  t )- space  of  P ;
 (iii)  [  ?  $  Ô H u  P F V
 k
 G  :  u  >  P  5  Q J ;
 (iv)  [  ?  %  Ô H u  P F V
 k
 G  :  dim( u  >  Q )  5  k  2  t  2  1 ,  dim( u  >  P )  5  k  2  t  1  s  2  1 J ;
 (v)  > h u  1  Q  :  u  P  % j  5  P ;
 (vi)  dim( u ,  v )  >  k  2  t  for  any  u  P  $  and  v  P  % ;
 and  $  <  %  is maximal among the sets of  y  ertices of J q ( n ,  k )  satisfying the abo y  e
 conditions . In this case ,
 u ^  u  5  O
 1 < i < s
 F s
 i
 G F n  2  ( k  2  t  1  s )
 t  2  i
 G q ( t 2 i )( s 2 i )  1  u $ u  1  u % u  ,
 where
 u D u  < F t  1  s  1  1
 1
 G 2 F n  2  ( k  2  t  1  s  1  2)
 t  2  2
 G q s t
 and
 u % u  < F  k  2  t
 k  2  t  2  1
 G F  t
 1
 G F n  2  ( k  2  t  1  s  1  1)
 t  2  s
 G q t 1 1 .
 (JQ . 4)  For s  5  2 ,  .  .  .  ,  [  k  2  t  1  1 1  ] ,
 ^  5 H u  P F V
 k
 G  :  R  Ô  u J  <  _  1  <  ?  ?  ?  <  _ s ,
 where
 (i)  R is a  ( k  2  t  1  1)- space of V  ;
 (ii)  for each i , there exists a  ( k  2  t )- space Q i satisfying  u  >  R  5  Q i for all  u  in  _ i  ;
 (iii)  Q i  ?  Q j for any i and j ( ? ) ;
 (iv)  > h u  1  R  :  u  P  _  1  <  ?  ?  ?  <  _ s j  5  R  ;
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 (v)  for each i , there exists a  y  ertex  y  in  _ m for some m such that  dim(( Q i  1  N )  >  y )  5
 k  2  t  2  1 for any  1- space N with N  Õ u  R ;
 (vi)  dim( u  >  v )  >  k  2  t for any  u  and  v  in  _ 1  <  ?  ?  ?  <  _ s  ;  and  _ 1  <  ?  ?  ?  <  _ s is maximal
 among the sets of  y  ertices of J q ( n ,  k )  satisfying the abo y  e conditions . In this case ,
 u ^  u  5 F n  2  ( k  2  t  1  1)
 t  2  1
 G  1  u _ 1 u  1  ?  ?  ?  1  u _ s u  ,
 where
 u _ i u  < F  t
 1
 G F  t
 1
 G F n  2  ( k  2  t  1  3)
 t  2  2
 G q t
 for each i .
 For the following Lemmas 4 , 5 and 6 , let us assume that  ^   is a maximal  t -clique of
 J q ( n ,  k ) ,  z  is a fixed vertex in  ^   and  @ i  5  @ i ( ^  ,  z ) .
 L EMMA 4 .  For two fixed integers k and t with  2  <  t  ,  k , there exists n 0  5  n 0 ( k ,  t )  such
 that  o 2 < j < t  u @ k 2 t 1 j u  ,  q 2 n /2 q ( n 2 k )( t 2 1)  for all n  .  n 0  .
 P ROOF .  From Lemma 3 ,  o 2 < j < t  u @ k 2 t 1 j u  ,  o 2 < j < t  q ( t 2 j )( n 2 t 1 j 1 2) .  For a function
 f  ( x )  5  ( t  2  x )( n  2  t  1  x  1  2) ,  there exists  n 0  5  n 0 ( k ,  t ) such that if  n  .  n 0  ,  then  f  ( x )
 decreases when  x  >  2 and  f  (2)  ,  ( n  2  k )( t  2  1)  2  n – 2  2  1 .  For all  n  .  n 0  ,
 O
 2 < j < t
 u @ k 2 t 1 j u  ,  O
 2 < j < t
 q 2 n /2 q ( n 2 k )( t 2 1) 2 j 1 1  ,  q 2 n /2 q ( n 2 k )( t 2 1) .  h
 L EMMA 5 .  For two fixed integers k and t with  2  <  t  ,  k , there exists n 1  5  n 1 ( k ,  t )  such
 that if n  .  n 1  and  u @ k 2 t 1 1 u  .  q 2 n /2 q ( n 2 k )( t 2 1) , then  z  contains a  ( k  2  t  1  1)- subspace R
 such that  dim( u  >  R )  >  k  2  t for each  y  ertex  u  in  ^  . For such a  ( k  2  t  1  1)- subspace R ,
 H u  P F V
 k
 G  :  R  Ô  u J  Ô  ^  .
 P ROOF .  Suppose that for a ( k  2  t  1  1)-subspace  R  of  z ,  ^   contains a vertex  v
 satisfying dim( R  >  v )  5  k  2  t  2  p  for some  p  .  0 .  If dim( z  >  v )  5  k  2  t  1  s  (0  <  s  <  t  2
 p  2  1) ,  then
 u h u  P  @  k 2 t 1 1  :  u  >  z  5  R j u
 5  O
 p 1 1 < i < t 2 s 1 1
 u h u  P  @ k 2 t 1 1  :  u  >  z  5  R ,  dim( u  >  ( v  1  z ))  5  k  2  t  1  i j u
 <  O
 p 1 1 < i < t 2 s 1 1
 F  t  2  s
 i  2  1
 G q ( i 2 1)( t 2 1) F n  2  ( k  1  t  2  s )
 t  2  i
 G q ( t 2 i )(2 t 2 s 2 i )
 ,  q ( n 2 k )( t 2 1)  O
 p 1 1 < i < t 2 s 1 1
 q 2 i
 2 2 i ( n 2 k 2 2 t 1 s 2 1) 1 ( n 2 k 2 t 1 s 2 1)
 ,  q ( n 2 k )( t 2 1) q 2 n 1 k 1 3 t 2 2
 if  n  .  m 1 for some  m 1  5  m 1 ( k ,  t ) .
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 Suppose that , for each ( k  2  t  1  1)-subspace  R  of  z ,  ^   contains a vertex  v  satisfying
 dim( R  >  v )  ,  k  2  t .  Since  z  contains [  k k  2  t  1  1 ] ( k  2  t  1  1)-subspaces ,
 u @ k 2 t 1 1 u  , F  k k  2  t  1  1 G q ( n 2 k )( t 2 1) q 2 n 1 k 1 3 t 2 2
 ,  q 2 n /2 q ( n 2 k )( t 2 1)
 if  n  .  m 2 for some  m 2  5  m 2 ( k ,  t ) ,  a contradiction .  h
 L EMMA 6 .  For fixed integers k and t with  2  <  t  ,  k , there exists n 2  5  n 2 ( k ,  t )  such that
 if n  .  n 2  and  u @ k 2 t u  .  q 2 n /2 q ( n 2 k )( t 2 1) , then  z  contains a  ( k  2  t )- subspace R such that
 dim( u  >  R )  >  k  2  t  2  1 for each  y  ertex  u  in  ^  .
 P ROOF .  Suppose that , for a ( k  2  t )-space  R  of  z , there exists a vertex  x  in  ^   such
 that dim( x  >  R )  5  k  2  t  2  1  2  p  for some  p  >  1 .  If dim( x  >  z )  5  k  2  t  1  s  (0  <  s  <  t  2
 p  2  1) ,  then
 u h u  P  @ k 2 t  :  u  >  z  5  R j u  5  O
 p 1 1 < i < t 2 s
 u h u  P  @ k 2 t  :  u  >  z  5  R ,  dim( u  >  ( z  1  x ))  5  k  2  t  1  i j u
 <  O
 p 1 1 < i < t 2 s
 F t  2  s
 i
 G q i t F n  2  ( k  1  t  2  s )
 t  2  i
 G q ( t 2 i )(2 t 2 s 2 i )
 ,  q ( n 2 k )( t 2 1)  O
 p 1 1 < i < t 2 s
 q 2 i
 2 2 i ( n 2 k 2 2 t 1 s ) 1 ( n 2 k 1 t )
 ,  q ( n 2 k )( t 2 1) q 2 n 1 k 1 5 t 2 3
 if  n  .  m 1 for some  m 1  5  m 1 ( k ,  t ) .
 Suppose that , for each ( k  2  t )-subspace  R  of  z ,  ^   contains a vertex  x  such that
 dim ( x  >  z )  ,  k  2  t  2  1 .  Since  z  contains [  k k  2  t ] ( k  2  t )-subspaces ,
 u @ k 2 t u  , F  k k  2  t G q ( n 2 k )( t 2 1) q 2 n 1 k 1 5 t 2 3  ,  q ( n 2 k )( t 2 1) q 2 n 2 t 2 1 kt 1 4 t 1 2 k 2 3
 ,  q 2 n /2 q ( n 2 k )( t 2 1)
 if  n  .  m 2 for some  m 2  5  m 2 ( k ,  t ) ,  a contradiction .  h
 P ROOF  OF T HEOREM 1 .  Let  ^   be a maximal  t -clique with  u ^  u  .  cq  ( n 2 k )( t 2 1) ,  z  a fixed
 vertex in  ^   and  @ i  5  @ i ( ^  ,  z ) . By Lemma 4 , there exists an integer  n 3  5  n 3 ( q ,  k ,  t ,  c )  >
 n 0  such that if  n  >  n 3  ,  then  q
 2 n /2  <  c  / 3 and either  u @ k 2 t 1 1 u  or  u @ k 2 t u  is greater than
 ( c  / 3) q ( n 2 k )( t 2 1) .  Let us put  n 4  5  n 4 ( q ,  k ,  t ,  c )  5  max( n 1  ,  n 2  ,  n 3 ) .
 Case  1 .  Assume that  u @ k 2 t 1 1 u  >  ( c  / 3) q ( n 2 k )( t 2 1) for an  n  >  n 4  .  By Lemma 5 , there
 exists a ( k  2  t  1  1)-subspace  R  of  z  such that dim( u  >  R )  >  k  2  t  for every vertex  u  in
 ^  . Let  5  5  h R 1  ,  R 2  ,  .  .  .  ,  R r j  be the collection of all such ( k  2  t  1  1)-subspaces of  z .
 Then
 (1)  1  <  r  <  [  k k  2  t  1  1 ] ;
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 (2)  for every vertex  u  in  ^  , dim( u  >  R i )  >  k  2  t  for all  i ;
 (3)  h u  P  [ V k  ]  :  R i  Õ  u  for some  i j  Õ  ^  ; and
 (4)  dim( R i  >  R j )  5  k  2  t  and dim( R i  1  R j )  5  k  2  t  1  2 for any  i  and  j  with 1  <  i  ,  j  <  r .
 Subcase  1 . 1 .  Suppose that dim( > R i )  ,  k  2  t .  Let us fix two ( k  2  t  1  1)-subspaces  R 1
 and  R 2 in  5 . Then  5  contains an  R h  which does not contain  R 1  >  R 2  .  For such a
 ( k  2  t  1  1)-subspace  R h  ,  dim( R h  >  R 1  >  R 2 )  5  k  2  t  2  1 and  R h  Ô  R 1  1  R 2  .  If a ( k  2  t  1
 1)-subspace  R g  ( g  ?  1 ,  2) in  5  contains  R 1  >  R 2  ,  then dim( R g  >  R 1  >  R h )  5  dim( R 1  >
 R 2  >  R h )  5  k  2  t  2  1  and  R g  Ô  ( R 1  1  R h )  Ô  ( R 1  1  R 2 ) .  Therefore , for each vertex  u  of
 ^  , dim( u  >  ( R 1  1  R 2 ))  >  k  2  t  1  1 and
 ^  5 H u  P F V
 k
 G  :  dim( u  >  ( R 1  1  R 2 ))  >  k  2  t  1  1 J ,
 which is type (JQ . 2) with  s  5  2 ,  and
 u ^  u  5 F k  2  t  1  2
 k  2  t  1  1
 G F n  2  ( k  2  t  1  2)
 t  2  1
 G q ( t 2 1)  1 F n  2  ( k  2  t  1  2)
 t  2  2
 G .
 Here  5  is the set of all ( k  2  t  1  1)-subspaces of  R 1  1  R 2  .
 Subcase  1 . 2 .  Suppose that dim( > R i )  5  k  2  t .  Let  Q  5  > R i  , P  5  o  h R i  :  i  5  1 ,  2 ,  .  .  .  ,  r j
 and dim  P  5  k  2  t  1  s .  Then , 2  <  s  <  t  and 2  <  r  <  [  s 1 ] .  If each vertex in  ^   contains  Q ,
 then
 ^  5 H u  P F V
 k
 G  :  Q  Ô  u J ,
 which is type (JQ . 1) . In this case ,  s  5  t ,  r  5  [  t 1 ] and  u ^  u  5  [ n  2  k  1  t t  ] .
 Now let us assume that  ^   has a vertex  v  which does not contain  Q .  Since
 dim( v  >  Q )  5  k  2  t  2  1 ,  dim( v  >  P )  5  k  2  t  1  s  2  1 and dim( v  >  S )  >  k  2  t  for any ( k  2
 t  1  1)-subspace  S  of  P , we can partition  ^   into three subsets  #  ,  $  and  % :
 #  5 H u  P F V
 k
 G  :  Q  Ô  u ,  dim( u  >  P )  >  k  2  t  1  1 J ,
 $  5  h u  P  ^  :  u  >  P  5  Q j ,
 and
 %  5  h u  P  ^  :  dim( u  >  Q )  5  k  2  t  2  1 ,  dim( u  >  P )  5  k  2  t  1  s  2  1 j ( ? [ ) .
 Note that (i)  5  contains all ( k  2  t  1  1)-subspaces of  P  containing  Q ,  and (ii) if  u  is a
 vertex of  % , then  %  contains all the vertices  u 9 such that dim( u 9  >  Q )  5  k  2  t  2  1 and
 T  Ô  u 9 , where  T  is a ( t  1  1)-subspace of  u  satisfying  u  5  ( u  >  Q )  1  T .
 If  $  5  [ , then
 ^  5 H u  P F V
 k
 G  :  Q  Ô  u ,  dim( u  >  P )  >  k  2  t  1  1 J
 < H u  P F V
 k
 G  :  dim( u  >  Q )  5  k  2  t  2  1 ,  dim( u  >  P )  5  k  2  t  1  s  2  1 J
 and  s  .  2 .  (If  s  5  2 ,  5  is a set of all ( k  2  t  1  1)-subspaces of  P  and so dim( > R j )  5  0 . ) In
 this case ,  ^   is type (JQ . 2) and
 u ^  u  5  O
 1 < i < s
 F s
 i
 G F n  2  ( k  2  t  1  s )
 t  2  i
 G q ( t 2 i )( s 2 i )
 1 F  k  2  t
 k  2  t  2  1
 G F s
 s
 G q s F n  2  ( k  2  t  1  s )
 t  2  s  1  1
 G q t 2 s 1 1  (2  ,  s  <  t ) .
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 Let us assume that  $  ?  [ . Define  E  5  > h u  1  Q  :  u  P  % j  and let  S  be a subspace of  E
 satisfying  E  5  P  1  S  and  P  >  S  5  [ .  Then 0  <  dim  S  <  t  2  s  1  1 .  Suppose that 0  ,
 dim  S  ,  t  2  s  1  1 .  For any 1-subspace  L  of  S ,  ^   contains all vertices in [  V k  ] containing
 the ( k  2  t  1  1)-subspace  Q  1  L .  Even though  5  does not contain  Q  1  L , this is
 isomorphic to the case with dim  P  5  k  2  t  1  s  1  1 (by choosing a vertex  z 9 instead of  z
 satisfying  z 9  Ò  P  1  L ) .
 Now , without loss of generality , we may assume that dim  S  5  0 or  t  2  s  1  1 .  If
 dim  S  5  t  2  s  1  1 ,  then dim  E  5  k  1  1 and  u  Ô  P  1  S  for each vertex  u  in  % . Since
 dim( v  >  ( P  1  S ))  >  k  2  t  1  1  for each vertex  v  in  $  ,
 ^  5 H u  P F V
 k
 G  :  Q  Ô  u ,  dim( u  >  E )  >  k  2  t  1  1 J
 < H u  P F V
 k
 G  :  dim( u  >  Q )  5  k  2  t  2  1 ,  u  Ô  E J ,
 which is type (JQ . 2) , and
 u ^  u  5  O
 1 < i < t
 F t  1  1
 i
 G F n  2  ( k  1  1)
 t  2  i
 G q ( t 1 1 2 i )( t 2 i )  1 F  k  2  t
 k  2  t  2  1
 G F t  1  1
 t  1  1
 G q t 1 1 .
 If dim  S  5  0 , then for a vertex  u  in  %  and an 1-space  U  satisfying  Q  1  U  Õ  u  1  Q ,
 ( Q  1  U )  >  P  5  Q  and  Q  >  U  5  [ ,  %  contains at least one vertex  y  such that
 ( y  1  Q )  >  ( Q  1  U )  5  [ .  Therefore ,
 u ^  u  5  O
 1 < i < s
 F s
 i
 G F n  2  ( k  2  t  1  s )
 t  2  i
 G q ( t 2 i )( s 2 i )  1  u $ u  1  u % u  (2  <  s  <  t ) ,
 where
 u $ u  < F t  2  s  1  1
 1
 G q s F t  2  s  1  1
 1
 G q s F n  2  ( k  2  t  1  s  1  2)
 t  2  2
 G q s ( t 2 2) ,
 u % u  < F  k  2  t
 k  2  t  2  1
 G F s
 s
 G q s F  t
 1
 G q F n  2  ( k  2  t  1  s  1  1)
 t  2  s
 G q t 2 s ,
 and  ^   is type (JQ . 3) ,
 Subcase  1 . 3 .  Assume that dim( > R j )  5  k  2  t  1  1 .  Then  5  5  h R 1 j .  Let  R  5  R 1  ,  Q  5
 h u  >  R  :  u  P  ^  , dim( u  >  R )  5  k  2  t j  5  h Q 1  ,  Q 2  ,  .  .  .  ,  Q s j ,  and  _ i  5  h u  P  ^  :  u  >  R  5  Q i j
 for each  i  5  1 ,  2 ,  .  .  .  ,  s .  Then 1  <  s  <  [ k  2  t  1  1 k  2  t  ] and  ^  5  h u  P  [  V k  ]  :  R  Ô  u j  <  _  1  <  _  2  <
 ?  ?  ?  <  _ s .  If  s  5  1 ,  ^  5  h u  P  [ V k  ]  :  Q i  Ô  u j , which is type (JQ . 1) with size [ n  2  k  1  t t  ] .
 Let us assume  s  >  2 .  Define  M  5  > h u  1  R  :  u  P  _  i  for some  i  5  1 ,  2 ,  .  .  .  ,  s j .  If
 dim  M  .  k  2  t  1  1 ,  then for a ( k  2  t  1  2)-subspace  R  1  L  of  M  with  R  >  L  5  [ ,
 dim( u  >  ( R  1  L ))  5  k  2  t  1  1  for any vertex  u  in  _  1  <  _  2  <  ?  ?  ?  <  _  s .  Therefore ,
 _ 1  <  ?  ?  ?  <  _ s  Ô H u  P F V
 k
 G  :  dim( u  >  ( R  1  L ))  5  k  2  t  1  1 J
 and
 ^  Ò H u  P F V
 k
 G  :  dim( u  >  ( R  1  L ))  5  k  2  t  1  1 J ,
 which is isomorphic to Subcase 1 . 1 .
 Without loss of generality , we may assume that dim  M  5  k  2  t  1  1 and so  M  5  R .
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 For two vertices  v  in  _  i  and  x  in  _  j  ( i  ?  j ) ,  there exists a 1-space  N  such that
 ( Q i  >  Q j )  1  N  Ô  v  >  x and  Q i  >  Q j  >  N  5  [ .  Since  R  does not contain  N ,  we may
 assume that there exists a vertex  y  in  _  m  for some  m  ( m  ?  i ) such that dim(( Q i  1  N )  >
 y )  5  k  2  t  2  1 .  Otherwise ,  h u  P  [ V k  ]  :  Q i  1  N  Ô  u j  Õ  ^  , which is isomorphic to previous
 subcases . Therefore ,
 u _ i u  < F  t
 1
 G q F  t
 1
 G q F n  2  ( k  2  t  1  3)
 t  2  2
 G q t 2 2  for  each  i  5  1 ,  .  .  .  ,  s
 and
 u ^  u  5 F n  2  ( k  2  t  1  1)
 t  2  1
 G  1  u _ 1 u  1  ?  ?  ?  1  u _ s u  ,
 which is type (JQ . 4) .
 Case  2 .  Assume that  u @ k 2 t u  .  ( c  / 3) q ( n 2 k )( t 2 1) for some  n  >  n 4  .  By Lemma 6 ,  z
 contains a ( k  2  t )-subspace  R  such that dim( u  >  R )  >  k  2  t  2  1 for each vertex  u  in  F .
 Let  5  5  h R 1  ,  .  .  .  ,  R r j  be the set of all such ( k  2  t )-subspaces of  z . Then 1  <  r  <  [  k k  2  t ]
 and dim( R i  >  R j )  5  k  2  t  2  1 for any  i  and  j  ( i  ?  j ) .  For some  R j  ,  if dim( u  >  R i )  5  k  2  t
 for every vertex  u  in  ^  , then  r  5  1 , R i  5  R 1 and
 ^  5 H u  P F V
 k
 G  :  R 1  Ô  u J ,
 which  is  type  (JQ . 1)  with  size  F n  2  k  1  t
 t
 G .
 Without loss of generality , we may assume that , for each  R i  ,  ^   contains a vertex  w
 satisfying dim( w  >  R i )  5  k  2  t  2  1 .  Suppose that , for some  R i  , R i  Ô Ö  >  h u  1  R i  :  u  P  ^  ,
 dim( u  >  R i )  5  k  2  t  2  1 j .  Let  R i  1  L  be a ( k  2  t  1  1)-subspace of  >  h u  1  R i  :  u  P  ^  ,
 dim( u  >  R i )  5  k  2  t  2  1 j  with dim  L  5  1 .  If dim( v  >  R i )  5  k  2  t  2  1 for a vertex  v  in  ^  ,
 then dim(( R i  1  L )  >  v )  5  k  2  t  and
 H u  P F V
 k
 G  :  R i  1  L  Ô  u J  Ô  ^  ,
 which is isomorphic to Case 1 .
 Now let us assume that , for each ( k  2  t )-space  R i  in  5 ,
 R i  5  > h u  1  R i  :  u  P  ^  ,  dim( u  >  R i )  5  k  2  t  2  1 j .
 For a vertex  x  in  ^   such that dim( x  >  R i )  5  k  2  t  2  1 for some  R i  and a 1-space  U  such
 that  R i  1  U  Ô  x  1  R i  and  U  >  R i  5  [ ,  there exists a vertex  y  in  ^   with dim( y  >  R i )  5
 k  2  t  2  1  and ( y  1  R i )  >  ( R i  1  U )  5  R i .  Hence
 u h u  P  @ k 2 t  :  R i  Ô  u j u  < F t  1  1 1  G F t  1  1 1  G F n  2  ( k  2  t  1  2) t  2  2  G .
 Similarly , for any ( k  2  t )-space  S  of  z ,
 u h u  P  @ k 2 t  :  S  Ô  u j  < F t  1  1 1  G F t  1  1 1  G F n  2  ( k  2  t  1  2) t  2  2  G
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 and
 u B k 2 t u  < F  k k  2  t G F t  1  1 1  G F t  1  1 1  G F n  2  ( k  2  t  1  2) t  2  2  G
 <  q ( n 2 k )( t 2 1) q 2 n 1 kt 1 2 k 2 t
 2 1 2 t  ,
 c
 3
 q ( n 2 k )( t 2 1)
 if  n  .  n 5 for some  n 5  5  n 5 ( q ,  k ,  t ,  c ) ,  a contradiction .  h
 R EMARK .  For type (JQ . 3) , if  s  5  t , there exist only ( t  2  1) non-isomorphic maximal
 t -cliques which depend on  Z  5  < h u  1  P  :  u  P  % j  5  < h u  1  Q  :  u  P  2 j . Let us put dim  Z  5
 k  1  m .  Since  > h u  1  Q  :  u  P  % j  5  P , m  >  2 and
 %  Ô H u  P F V
 k
 G  :  dim( u  >  Q )  5  k  2  t  2  1 ,  dim( u  >  P )  5  k  2  1 ,  u  Ô  Z J .
 For two vertices  x  in  $  and  y  in  % , since dim(( x  1  P )  >  ( y  1  P ))  >  k  1  1 ,  x  1  P  Ò
 y  1  P  and so  x  1  P  Ò  Z .  From  k  1  m  5  dim  Z  5  dim(( x  1  P )  >  Z )  5  dim( x  >  Z )  1  t ,
 dim( x  >  Z )  5  k  2  t  1  m .  This implies  m  <  t  and
 $  Ô H u  P F V
 k
 G  :  u  >  P  5  Q ,  dim( u  >  Z )  5  k  2  t  1  m J .
 Since  ^   is maximal ,
 ^  5 H u  P F V
 k
 G  :  Q  Ô  u ,  dim( u  >  P )  >  k  2  t  1  1 J
 < H u  P F V
 k
 G  :  u  >  P  5  Q ,  dim( u  >  Z )  5  k  2  t  1  m J
 < H u  P F V
 k
 G  :  dim( u  >  Q )  5  k  2  t  2  1 ,  dim( u  >  P )  5  k  2  1 ,  u  Ô  Z J
 and
 u ^  u  5  O
 1 < i < t
 F t
 i
 G F n  2  k
 t  2  i
 G q ( t 2 i ) 2  1 F m
 m
 G q mt F n  2  ( k  1  m )
 t  2  m
 G q ( t 2 m ) t  1 F  k  2  t
 k  2  t  2  1
 G F  t
 1
 G q t F m
 1
 G q
 for 2  <  m  <  t .
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